We perform a post-Newtonian (PN) solar system analysis for Palatini f (R) theories considering finite volume non-spherical planets and with emphasis to f (R) functions that are analytical about R = 0. First we consider the Will-Nordtvedt parametrized post-Newtonian (PPN) formalism, from which the metric is shown to depend, in general, on terms not covered by the standard PPN potentials. Hence, a full analysis of the PN equations of motion is performed. From the latter we conclude that, apart from redefinitions on the internal energy and the pressure, which cannot be constrained by solar system tests, the center-of-mass orbits are the same as in general relativity. We discuss further the physics of these redefinitions and use an argument to extend our analytical f (R) results towards some non-analytical functions.
I. INTRODUCTION
General relativity (GR) has passed many tests at astrophysical scales and is the standard gravitational theory. Nonetheless, in spite of its success, it is relevant to consider variations on the basic assumptions of a physical theory, opening the way for further developments. f (R) gravity theories constitute a simple extension of GR: they change the linear dependence on the Ricci scalar R, at the Lagrangian level, to an arbitrary function of R. Although simple, f (R) theories introduce qualitative novelties. The first of them is the breaking of the correspondence between the metric and the Palatini formalisms of GR. The Palatini approach uses an affine connection that is a priori independent from the metric. It is well known that, for a linear f (R) function, whenever the matter sector does not depend on the affine connection, the metric and Palatini formulations coincide. However, for nonlinear f (R) functions, these approaches lead to remarkably different dynamics. In any spacetime region without matter, Palatini f (R) can be shown to be equivalent to GR 1 , their differences may only reside inside matter distributions.
Several astrophysical aspects of Palatini gravity were considered in the literature, such as black holes [1] [2] [3] [4] [5] [6] , wormholes [7] [8] [9] and stellar objects [10] [11] [12] [13] [14] . Although problems for stars in Palatini f (R) gravity were reported [15] [16] [17] [18] , these issues depend on matter assumptions that need not to be true [19] [20] [21] [22] . It was also discussed in [23] that the initial value problem is well-formulated when standard matter sources are present, while the wellposedness of the Cauchy problem must be considered case by case.
For solar system physics, the simplest test consists of modeling the Sun as a central mass and treat the planets as test particles. Since Palatini f (R) is equivalent to GR in vacuum, the spacetime solution is Schwarschildde Sitter, and the test particles will follow standard geodesics (these results are reviewed in Section II). Hence the parametrized post-Newtonian (PPN) approach of Eddington-Robertson-Schiff, which is based on the metric solution in vacuum, with the planets as test particles, yields the same predictions of GR. That is, in this context, no constraints on the function f (R) are found, apart from possible constraints due to the cosmological constant [24] . However, this test is neither robust nor precise since it depends on a very particular geometrical setting. It is interesting that GR happens to yield the same orbits for both test particles and for the center of mass of finite volume planets; but this property does not hold in general for alternative theories of gravity [25] [26] [27] .
A more robust and precise way to confront theory with observational data is through the Will-Nordtvedt PPN formalism [27, 28] . It is based on perfect fluids, not on point particles; hence planets are finite-volume objects with finite density. This framework assumes an asymptotically flat space and considers a post-Newtonian (PN) metric written as an expansion on powers of v/c (i.e., the ratio between the velocity field magnitude v and the speed of light c). This expansion depends on gravitational potentials whose dimensionless coefficients, the PPN parameters, can be constrained by observational data. The number of gravitational potentials considered by this PPN approach is limited, this due to practical reasons. Consequently, although the formalism is sufficiently general to include GR and a variety of modified (or extended) gravity theories (e.g., some scalar-tensor theories, bi-gravity models [28] , a class of renormalization group-based extensions of GR [29] ...), there are yet several examples of theories that are not covered by the formalism, such as Horndeski [30] and general f (R) theories [31, 32] . When facing a theory with potentials not covered by the standard PPN approach, one cannot infer physical bounds from the values of the standard PPN parameters that appear in the theory, this since the additional potentials may influence the values of the standard PPN parameters. Therefore, if additional potentials appear, it is safer to consider physical bounds directly based on the PN field equations. The latter is the approach that we use here. We are not aware of other works on Palatini f (R) gravity that evaluate physical constraints directly from the field equations.
Instead of trying to uncover the PPN bounds for an arbitrary f (R) theory, we concentrate on precise statements that can be drawn from a relevant class of functions, which is composed by f (R) functions that are analytical about R = 0 (i.e., those that can be Taylor expanded about zero). Therefore, models that include terms like 1/R, which have attracted considerable attention in the past due to its possible dark energy implications (see [33] for a review), are not our main concern here. Analytical f (R) functions lead to metric expressions that are closer to the standard Will-Nordtvedt PPN formalism, which allow us to do a detailed PN analysis that was not done before. Also, from that analysis, we further detail here an interpretation of some Palatini terms that appear in the metric. Curiously, our detailed PN analysis, together with its corresponding physical interpretation, does not lead to stronger bounds, but to the absence of bounds coming from the solar system analysis. We also consider laboratory fluid tests, which were commented in [32] as a Palatini f (R) gravity test, but we find that the constraints from such tests depends on the physical interpretation of some terms, and we argue in favour of an interpretation that leads to no such bounds.
II. PALATINI f (R) GRAVITY REVIEW AND POINT-PARTICLE PLANETS
The f (R) gravitational theories using Palatini approach considers spacetime metric g µν and affine connection Γ λ µν as independent objects of a manifold, which we consider torsionless (i.e., Γ λ µν = Γ λ νµ ) 2 , which is the most studied case. For a given vector field A σ , the Rie-
where ∇ µ is the covariant derivative based on the affine connection Γ λ µν . The Ricci tensor and Ricci scalar are respectively given by R µν ≡ R λ µλν and R ≡ g µν R µν . Since g µν and Γ λ µν are not assumed to be compatible, contrary to Riemannian geometry, ∇ µ g νλ = 0. The action for Palatini f (R) gravity with matter is
where κ is some coupling constant, Ψ represents an arbitrary set of fields that describe any other interactions apart from gravity. One could generalize the matter action S matter above to include a dependence on Γ. Such extension is expected to be relevant in the context of fermionic interactions, not in the context of large scale classical fluids, hence we will not consider it.
The action variations with respect to g and Γ lead respectively to
Similarly to GR, the action variation with respect to Ψ, together with diffeomorphism invariance of S matter , implies that
where
is the Christoffel symbol. The comas indicate partial derivatives. This implies that test particles will follow geodesics determined from the connection C, not the fundamental Γ connection. A stronger similarity between Palatini f (R) gravity and GR come from the trace of eq. (2),
which shows that R can be algebraically expressed as a function of T . This is in contrast to the metric f (R) case, in which the relation between R and T comes from a differential equation, implying an additional degree of freedom. In general, eq. (6) will have more than one R solution for a given T . For T µν = 0, one finds T = 0 and R must be a constant. Let R s denote one of the Ricci scalar solutions, indexed by s, in a spacetime region with T µν = 0. We consider that f ′ (R s ) = 0, otherwise there would be no relation between the metric and the connection at the field equations level [34] . Hence, from eq. (6),
and the field equation (2) becomes
The dependence on Γ was written to recall that the above is a differential equation for Γ λ µν , not for the metric. From eq. (3), one can write the above as a differential equation for a metric g µν that satisfies ∇ λ g µν = 0, namely
This implies that Γ λ µν can be interpreted as the Christoffel symbol of the metric g µν ,
Hence eq. (8) can be written as differential equation for g µν , as follows (see also [34] ),
For GR in vacuum and using g µν as the metric, the Einstein field equation can be written as R µν (g) = g µν Λ. Therefore, by identifying an effective cosmological constant as
one finds that, in vacuum, Palatini f (R) gravity and GR have the same field equations and the same geodesic equations. 3 One also notes that, in order to find Λ eff = 0, it is sufficient and necessary that R s = 0 or, equivalently, that f (R s ) = 0. The above conclusions imply that, in case the Sun is assumed to be spherically symmetric and the planets are considered test particles, the metric solution outside the Sun is a Schwarschild-de Sitter solution. In this case, the single non-trivial constraint possible to be applied to Palatini refers to a bound on the value of Λ eff , and consequently on R s /(2f ′ (R s )). Such bound only implies that Λ eff 10 −43 m −2 [24] . We remark that this bound cannot be found from Will-Nordvedt PPN formalism, since the latter assumes that the space is asymptotically flat.
In this context of point particles, and considering that Λ eff is dynamically irrelevant, the Eddington-Robertson-Schiff parameters γ ERS and β ERS are both equal to 1, just like GR.
III. POST-NEWTONIAN EXPANSION AND POTENTIALS
As nicely summarized in Ref. [35] , "Post-Newtonian theory is the theory of weak-field gravity within the near zone, and of the slowly moving systems that generate it and respond to it". It is suitable to describe solar system dynamics and compare theoretical predictions with experiments and observational data. To implement this framework to Palatini f (R), we follow Refs. [27, 28, 35] . In this section, we first present a systematic review of the PN approximation and then apply it to Palatini gravity.
The metric is expanded about a flat spacetime,
where η µν is the background Minkowski metric and h µν contains all the perturbations. The matter content is described by a perfect fluid, using c = 1,
where ρ is the mass density, Π is the fluid's internal energy per unity of mass, p is the pressure and u µ = u 0 (1, v) is the four-velocity of the fluid. The components of the stress-energy tensor can be expanded in orders of v, taking into account also that p/ρ ∼ Π ∼ O(2) for the typical matter in the solar system. Here and after, we use the notation O(N ) to represent quantities of order v N . Time derivatives count as one order increase since the dynamical time scale in solar system is governed by the motion of planets, i.e. ∂ 0 ∼ O(1). The fluid dynamics is subjected not only to eq. (4), but also to the conservation of rest mass density,
used is the Christoffel symbol of a conformally related metric, C λ µν (g). Since, in vacuum,ḡµν and gµν only differ by a constant conformal rescaling, these connections coincide Γ λ µν = C λ µν .
This equation can be re-expressed as an effective flatspace continuity equation as follows,
with Latin indices for the spatial components and
Since ρ * is the conserved density, in the sense of (16), it is more convenient to use it to express the energymomentum tensor components. As will become clear later, having the gravitational potentials expressed in terms of the conserved density will lead to an easy way to integrate the equations of motion of massive bodies. For any f (R) function that is analytic at R = 0, one can write
where a 0 , a 1 , a 2 , ... are constants. In order to proceed with PPN formalism, we impose that space should be asymptotic flat, thus, from eq. (12), we find a 0 = 0. Since κ is arbitrary [see eqs. (1, 2)], without loss of generality we can set a 1 = 1. Therefore, since R is at least of order two, eq. (6) can be written as
The a 2 contribution cancels out from the above equation, while a n with n ≥ 3 only contributes to O(6) or higher order. It is important to stress that, from the above result, for analytic f (R) functions and up to the first PN order, there are not many, but a single solution to eq. (7). Moreover, since we have set a 0 = 0, the single vacuum solution for R is R = 0 + O(6).
With the above, eq. (2) can be expressed as
In what follows, we will solve the equation above, order by order, to obtain the PN metric of the considered class of f (R) Palatini gravitational theories. Following the standard PN procedures, all geometrical quantities are at least of order two. Moreover, h 00 needs to be known up to O(4), h 0i up to O(3) and h ij up to O(2).
A. Second order
We start by considering the leading terms in eq. (20). In the right hand side, up to second order, g µν can be replaced by η µν , u 0 ≈ 1 due to the normalization of u µ and ρ * ≈ ρ according to eq. (17). Consequently, the only component of energy-momentum tensor to be considered is T 00 ≈ −T ≈ ρ * and one finds R 0i ≈ 0. Therefore,
In the above, and henceforth, we set the mass dimension such that
As previously introduced, the Ricci tensor is a function of the connection Γ λ µν , which in turn can be expressed as the Christoffel symbol of the auxiliary metric g µν . Instead of directly expressing R µν as an expansion on h µν , it is convenient to first express it as an expansion on h µν , which is defined by
By using eq. (9), one can finally express all the results with respect to h µν . We take the opportunity to note that the asymptotic flatness property of g µν is inherited by the auxiliary metric g µν due to the analyticity of f (R). Indeed, assuming that far away from the main system ("at infinity") we have vacuum, then R = 0 and f ′ (0) = 1 4 . Hence, eq. (9) implies that the asymptotic limits of the metric and the auxiliary metric are identical. The leading terms of R µν (which are of second order) are
with A (ij) ≡ (A ij + A ji )/2. By combining eqs. (21, 22, 25, 26) , we find
By choosing coordinates such that off-diagonal components ofh ij are zero, which is a standard procedure within PPN, it is possible to write theh 00 andh ij general solutions ash
From eq. (27) , and using that the auxiliary metric are asymptotically flat, U is found to be (negative of) the Newtonian potential,
The above is sufficient to specify the auxiliary metric solution up to second order. With respect to the original metric g µν , the above solutions read, from eq. (9),
B. Third order
Moving to the third order, only the 0i-components of field equation contribute,
where V i is a vector potential defined by
To solve this equation, we impose another standard gauge condition for PPN analyses, which is given by
The solution is then easily obtained to bē
and, through (9), the correspondent physical metric is,
The gauge choice (37) is used in the more modern approach of Ref. [35] , but not in the classical PPN formalism [36] . However, as it will become clear later, Palatini f (R) does not fit with the parametrized formalism and the gauge adopted here is more suitable for derivation of equations of motion.
C. Fourth order
Since the single metric component that needs to be known up to the fourth order is g 00 , we consider,
For the matter part, we use expressions (32) and (39) and compute u 0 and ρ * up to the second order, namely
With the above, we find
By using that the auxiliary metric is asymptotically flat, the general solution reads
and the PN potentials that appear above are:
The potential Φ P , which we call Palatini potential, is the single one which is absent from GR (it is the only one that appears multiplied byã 2 ). However, this is not the final answer, since the result above only concerns the auxiliary metric g µν . To find the corresponding expansion for the metric g µν , we use eq. (9), implying 5
where we have definedã 3 = 64π 2 a 3 . Considering the above expression for g 00 there is a couple of remarks to be done: i) at the Newtonian order, there is a Palatini correction term that is added to the Newtonian potential and is given byã 2 ρ * , this term is in general relevant for the internal stability of a given body, say a planet, star or galaxy, but it does not change the body center of mass trajectory (this is further detailed in Section V). ii) Although g µν does not depend on a 3 , this term has, in general, a dynamical effect at the first PN order; while a n with n ≥ 4 has no dynamical impact up to the first PN order. This implies that these results can be trivially generalized to a non-analytical f (R) only in case the non-analytical part of f (R) can be shown to be of higher order than R 3 . iii) If there is no matter (ρ * = p = 0) in a given spacetime region, then in that region Palatini gravity should coincide with GR, as we have previously shown. Nonetheless, there is a single term in g 00 that does not appear in GR and does not vanish if ρ * → 0 and p → 0 locally: the Φ P potential. Therefore, there must exist a redefinition such that this term is absorbed by the other ones. Indeed, if the microphysics of the gravitational source is not sufficiently well constrained, while the orbits are assumed to be well constrained, one can redefine Π and p as Π eff and p eff , such that
This redefinition implies that Palatini f (R) gravity in vacuum can be recast as GR in vacuum with a perfect fluid as the gravitational source, but with a different perfect fluid description. This observation does not hold inside matter. 6 It was only introduced to explicitly recover GR in vacuum, eliminating the Φ P potential from the metric. 7 This redefinition will be further discussed in the context of conserved quantities, in Sec. IV. Collecting together the previous results,
Besides the Φ p potential, the metric above contains various terms that are outside the standard Will-Nordvedt parametrization; implying that it is not correct to infer any immediate bound on any parameter. As expected, whenã 2 andã 3 go to zero, the 1PN metric of GR is recovered. Also, we note that our result for the metric is not in conflict with previous analysis on the PN limit of f (R) Palatini theories using the scalar-tensor equivalence [32, 39, 40] , when the latter are particularized to an analytic f (R) function. On the other hand, the relevant particular case here studied allow us to present all the terms in explicit form and to proceed rigorously with the PPN formalism.
Before considering further details inside matter, we comment on the trajectory of electromagnetic waves (or light in particular). All the experiments used to constraint the trajectories and time delays of electromagnetic waves do not depend on a given medium, they only depend on the vacuum spacetime. Hence, the only metric that such experiments can probe for Palatini f (R) gravity is the Schwarschild-de Sitter metric. Such electromagnetic experiments cannot infer any difference with respect to GR. It should be recalled the following natural assumptions: i) Λ eff is assumed to be sufficiently small such that asymptotic flatness is in agreement with the solar system; ii) there is no data and theory available capable of deriving the gravitational mass, up to the 1PN order, of the Sun or the planets from the microphysics of their internal structure, this independently from gravitational experiments. Therefore, the γ value within Palatini f (R) gravity is precisely 1, just like GR. We remark that this result on γ does not depend on f (R) being analytical. This is in contrast with a result from Ref. [39] : the reason for the difference comes from nonasymptotically flat effects which should not be considered in PPN, unless a proper explanation on the validity of the method is included. 8 To determine the equations of motion of massive, finite-volume bodies, further details are necessary. The first step is to examine the PN hydrodynamics in order to find the conserved quantities.
IV. CONSERVED QUANTITIES
The re-scaled density ρ * allows one to define the fluid material mass in a given volume as follows, 9
Hence, for an isolated body, by using the continuity equation for ρ * (16), mass is a constant,
In the above, it was used that the density ρ * is zero at the boundary of the integration volume. The statement above only depends on the fluid definition, not on the used gravity model. The situation is different for energy conservation.
From the energy-momentum tensor conservation (4), we write
For µ = 0 and up to O(1), the mass continuity equation (16) is recovered; but considering this equation at the third order O(3), one gets
This result can be expressed as a energy conservation statement for an isolated body,
To show the above result, we used that for an arbitrary function f (t, x), and considering the integration on a volume that only includes an isolated body (i.e., ρ * = 0 at the boundary), we have
The continuity equation for ρ * , eq. (16), was used above. This is sufficient for explaining the two first terms in eq. (58). The third term, which depends on U , is derived in detail in Ref. [35] . For the fourth term, which is the single additional contribution from Palatini f (R), it is used that
The total mass-energy of the fluid is then defined as,
and, through Eqs. (54) and (57), it satisfies dM/dt = 0.
Considering the case in which Palatini gravity in vacuum yields the same gravitational mass of GR, the energy E from Palatini can be expressed as energy from GR derived from a body whose effective internal energy is given by
Together with eq. (49), this implies that
Considering now the case µ = i in eq. (55), at the first nontrivial order one finds
Although at the first sight theã 2 term above could be seen as a correction to the Euler equation that would depend ultimately on how the pressure p is defined. For many physical experiments with fluids, there is no compelling reason to consider p to be the "true pressure". In the above, we divided the Euler equation into two parts: the first depends on U and is the only term capable of generating a force in vacuum. The second term depends on the local values of p and ρ * , hence it is non-null only inside the fluid and it can be interpreted as an effective pressure. This effective pressure interpretation is further supported by eq. (63). For the majority of the Euler equation applications, one does not define the pressure p from the knowledge of the fluid microphysics: the pressure is commonly taken to be a force per unity of area that is locally generated by the fluid; hence, eq. (64) is not necessarily an extended Euler equation, it is the Euler equation. In this interpretation, p eff is the physically relevant pressure while p just denotes a component of the energy-momentum tensor without direct physical meaning. We also stress that in practice what determines pressure is not its place in the energy-momentum tensor, but its place in the matter field equations, which are found from eq. (55). This is not the single possible interpretation for p eff and p, but, in order to consider eq. (64) as a modified Euler equation, the first proper physical meaning for p should be provided (and this step is commonly skipped). Hence, in particular, unless further information on how to macroscopically measure p independently from the Euler equation is provided, we disagree with the statement of Ref. [32] that laboratory tests on the macroscopic Euler equation could put strong limits on a 2 .
One can also find a conserved momentum quantity in Palatini gravity. To this end, first one needs to consider the 1PN corrections to the Euler equation. The computational details can be found in Appendix A. At the end, one finds the following vector conservation law,
with
This is the total momentum which is conserved in Palatini gravity. This conservation law depends on the PN Euler equation, in the latter it is not possible to replace Palatini contributions with effective expressions for p and Π. If it was possible, all the Palatini effects could be interpreted as changes redefinition of a perfect fluid.
The previous results show that Palatini f (R) gravity does not violate total conservation of energy and momentum in the PN regime. This is an expected outcome since any Palatini gravity model is a Lagrangian based metric theory with matter action being independent from the affine connection and, as shown in [45], they should not violate PN conservation laws. In the context of the PPN formalism, the results obtained here directly show that the PPN parameters ζ 1 , ζ 2 , ζ 3 , ζ 4 and α 3 are all zero in Palatini f (R) gravity. The expressions here found show explicitly what are the conserved quantities.
V. EQUATION OF MOTION FOR MASSIVE BODIES
In this section we split the fluid description of the source into N separated bodies. We aim to obtain the PN equations of motion for the bodies center-of-mass positions. This is a realistic way to deal with the trajectories of massive and finite volume bodies, instead of assuming test particles. Each body indexed by A has a material mass given by
The volume where the integration above is calculated is a time-independent region of space that extends beyond the volume occupied by the body. It is large enough that, in a time interval dt, the body does not cross its boundary surface but it is also small enough to not intersect with any other body of the system. The center-of-mass of a body A, its velocity and acceleration is then defined as
In the above, we used the property (59). Following [35] , the center-of-mass acceleration of each body is decom-posed into three parts,
The first is the Newtonian contribution, the second is the PN contribution apart from structural contributions. Considering the solar system application, a Str A only depends on interactions among the planets and the planet into itself. The interaction of a planet into itself is relevant for studying the planet stability (which is not our purpose here) and it may also be relevant for the centerof-mass acceleration. The latter is not the case of GR, but it is relevant for some gravitational theories (e.g., the Nordtvedt effect [25, 26] ).
The integrand of eq. (70) is found from the Euler equation with its PN extension, which comes from eq. (55), and it reads
We use eq. (72) in eq. (70) and compute the integrals to obtain the center-of-mass acceleration. The integration techniques are detailed and discussed in Appendix A. The final results for the accelerations a Newt A , a PN A and a Str A read
In the above expressions, we use the definitions r AB = r A − r B , r AB = |r AB | and n AB = r AB /r AB . These equations have no explicit dependence on either a 2 or a 3 and they are identical, in form, to the corresponding GR expressions [35] . There is a single implicit diference, it is inside the constant E B , which is the energy associated with the planet indexed with B. Indeed, according to eq. (58), the energy expression has a correction that depends on a 2 . However, using the effective internal energy Π eff (62), the a 2 dependence also vanishes and the centerof-mass acceleration expressions become identical to the GR ones. Similar results, in the context of compact objects and using other methods, were obtained in Ref. [46] , where the orbital motion of binary systems were found to be the same of GR, apart from a mass redefinition.
Although the metric in Palatini f (R) gravity depends on terms that are outside the standard PPN formalism, the above equations of motion can be directly compared to the general equations of motion of the formalism (Appendix B). Therefore, considering the physical interpretation of the PPN parameters, one concludes that the remaining PPN parameters are β = 1 and α 1 = α 2 = ξ = 0. Hence the values of all the PPN parameters are the same of GR. To be clear, this does not imply that Palatini f (R) theories, with analytical f (R), are identical to GR, only that the set of tests performed in the PPN context (which include solar system tests) is not sensitive to such differences.
VI. DISCUSSION ON AN HEURISTIC ARGUMENT FOR THE ORBITS OF TEST PARTICLES AND MASSIVE BODIES
In Ref. [26] there is an argument, suggested by Richard Price, on why the internal structure of planets does not influence their center-of-mass orbits in GR, while their internal structures can influence other theories, like scalartensor and metric f (R) theories through the Nordtvedt effect. We comment here that the same argument also holds for Palatini f (R) gravity whenever the f (R) function is such that it admits solutions for the planets that are sufficiently close to being asymptotically flat. This both presents a more intuitive understanding for our results and further extends them towards some nonanalytical f (R) cases. The argument goes as follows [26] : "Consider a massive body located in an external gravitational field which can be considered uniform over a region that is very large compared with the body's gravitational radius. Focus attention on a large volume of space V surrounding the massive body-a volume so large that in its outer regions the spacetime curvature produced by the body itself is small to some desired accuracy (asymptotic flatness); but a volume still small enough that throughout it the external gravitational field is homogeneous to some other desired accuracy. In the outer regions of V one can introduce an inertial reference frame that falls freely in the homogeneous external field. Of course, that inertial frame cannot be extended into the massive body; but it does completely surround the body (asymptotic flatness). Conservation of the body's total four-momentum in that frame (valid for any massive body in asymptotically flat spacetime) guarantees that, if it is initially at rest in our inertial frame, it will always remain at rest there. Similarly, any test particle (far from the massive body) initially at rest will remain at rest. Thus both test particles and the massive body are tied to the inertial frame. This means that, as seen in the original accelerated frame where the external field is manifest, they fall with identical accelerations."
Although GR was the original context of the argument above, it can be applied to a large class of Palatini f (R) theories. This class needs not to be analytical but needs to admit solutions that are sufficiently close to being asymptotically flat, as described above. When these conditions are met, and since there is energy-momentum conservation in Palatini gravity (Section IV), test particles in Palatini f (R) will describe the same center-ofmass orbits of the massive-finite-volume planets. Also, since test particles have the same geodesics of GR, considering the internal energy redefinition as detailed in Section II, the PPN parameters of this Palatini f (R) class of theories will have the GR values.
Considering the argument above, unless there is a physical procedure capable of testing the internal energy redefinition (62), or unless the approximation on asymptotically flatness fails, GR and Palatini f (R) yield exactly the same physics for the solar system orbits. For the first case, evaluating gravitational effects from the internal energy at atomic level may be a fruitful route, and there is a current debate on this subject within GR (e.g., [47] [48] [49] ). A priori, and assuming the existence of some interpretation in which it would be possible to physically distinguish Π and Π eff , if future experimental results imply that the internal energy of the system does not generate the expected amount of gravitational effects, then the Palatini f (R) energy shift (62) may be used to explain the mismatch. In order to study microscopic properties of matter with Palatini gravity, it may be relevant to couple Palatini gravity to the Dirac equation. This type of coupling is not covered by our analysis, since it corresponds to a S matter that depends on the connection Γ. According to Ref. [50] , which considers the Dirac equation and f (R) = R + α 2 R 2 , the parameter α 2 can be constrained in this setting.
VII. CONCLUSION
Here we present a detailed post-Newtonian analysis of Palatini f (R) dynamics at the solar system, and we considered the restriction to analytic f (R) expressions. The latter restriction is essential for finding a picture closer to the standard Will-Nordtvedt PPN formalism [27, 28] . Considering the previous analyses of Palatini f (R) gravity in the solar system context [32, 34, 39, 40] , our work does not use the equivalence between f (R) and scalartensor theories and, more importantly, we test directly the equations of motion, which is a necessary step since Palatini f (R) gravity leads to new terms in the metric that are not part of the 10 potentials from the standard Will-Nordtvedt PPN formalism.
We find that the equations of motion of the centerof-mass orbits are precisely the same as in GR, even in the case that the planets are seen as massive bodies of finite volume. To achieve this conclusion, redefinitions of energy and momentum were necessary (49, 62, 63). These are not sensitive to the type of experiment performed for the solar system orbits, but in principle may be constrained by atomic level experiments, as discussed in Section VI.
For analytic f (R) functions with negligible Λ eff (12) , and in contrast to some results of Ref. [32] , we find no restriction on the coefficients of R 2 and R 3 based on either the orbits of the planets or on (macroscopic) laboratory tests of the Euler equation. The latter since we find no reason to interpret eq. (64) as a modified Euler equation, we understand it as the Euler equation itself, but written in a different form. Hence, from the tests here considered, we find no need for demanding that f (R), within analytical Palatini gravity, should be close to a linear function: the coefficients of R 2 and higher powers on R can be arbitrary. As commented in Sec. VI, these results can be extended towards some non-analytical f (R) functions, this whenever the spacetime can be considered, within some approximation, as being asymptotically flat far from the matter distributions.
Our conclusions, as above explained, do not apply in general to f (R) functions that include the term 1/R; unless the corresponding coefficient of the 1/R term is sufficiently small, in order to assure an asymptotic-flatnesslike behaviour up to some radius. We remark that some works in the literature (e.g., [32, 51] ) show that the 1/R term can introduce considerable differences with respect to GR, implying that there are physical constraints on the value of the 1/R coefficient. Hence, with respect to the 1/R term, there is no incompatibility with our results.
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Appendix A: On the derivation of the conserved momentum and the center-of-mass acceleration
In this appendix we detail the main mathematical procedures used in Sections IV and V. We start by the procedure to obtain the conserved momentum present in eq. (66). Taking the PN contribution in eq. (55), one can write,
In the above, the Euler equation (64) was used and
We now integrate over the volume occupied by the fluid. All the terms not proportional toã 2 are standard GR terms and their integration are detailed in [35] . The first term inside the square bracket is solved through relation (59), while the second and third ones cancel each other when integrated. The latter can be verified using the "switch trick", which consists in interchanging the variables x ↔ x ′ inside the integral,
where the symbol ↔ = indicates when the switch trick was performed and the identity
] was also used.
With the above results, one easily finds the Palatini contribution in eq. (66).
Let us now analyze the integration of eq. (72), in order to obtain the PN expression for the body's acceleration. First, we use Euler's equation (64) to express the second time derivative of χ in terms of other potentials, namely
where,
To integrate eq. (72), it is introduced relative variables with respect to the center-of-mass, saidx = x − r A and v = v − v A . Each body of the system is assumed to be reflection-symmetric above its own center-of-mass, for example ρ * (t, r A −x) = ρ * (t, r A +x), and the same for the pressure p and the internal energy density Π. This symmetry allows to eliminate any integral having an odd number of internal vectors, such asx,v or ∇p. Also, the gravitational potentials are separated into an internal part, produced by the body A, and an external one sourced by the remaining bodies of the system. For instance,
When integrating the parts containing the internal pieces both integrals will have the same domain, so they can be computed with the help of the switch trick mentioned before. Assuming a wide separation between bodies implies that, when evaluating an external potential within the body A, it can be expanded in a Taylor series. As an example, one has
The series is truncated in its second term since the next terms are at least of order (R A /r AB ) 2 , where R A is the typical body radius and r AB = |r A − r B | is the interbody distance. This expansion is used to extract the external pieces of potentials from the integrals. At the end, the acceleration of the center-of-mass of a body A can be written as
are called structure integrals and the external potentials must be evaluated at x = r A , after differentiation.
With the assumption that any modification in the internal structure of each body occurs only in a time scale much longer than its orbital period, it is possible to derive equilibrium conditions from the time-independence of the quadrupole moment of mass distribution [35] . The relevant expressions here are the following ones, 2T jk A + P A δ jk + Ω jk A + E P,A δ jk = 0, (A20)
where it was also assumed that the bodies are not spinning. Expressions above then eliminate the selfinteraction terms from a A . The next task is to express the external potentials explicitly in terms of the center-of-mass positions and their velocities. Exemplifying with ∂ j Φ ext P,A , one has
It is used, once more, that the bodies are widely separated and the terms |r AB −x ′ | are expanded in powers ofx ′ , yielding 
where n AB = r AB /r AB . Only two terms in the series expansion was considered, since the other ones are at least of order (R A /r AB ) 2 and can be neglected. Also, the second term leads to a vanishing integral due to an odd number of internal vectors. Proceeding in similar lines with the others potentials, it is then achieved the final expression given in (73)-(75).
Appendix B: Metric and equations of motion in the PPN formalism
The modern PPN formalism, as presented by Will and Nordtvedt, propose a general metric expanded in terms of gravitational potentials and ten constant parameters,
The above metric is in the gauge used in ref. [35] , the same worked in this paper. The particular way in what the PPN coefficients are presented ensures specific physical meanings to each of them (see Ref [27] )
Using the PN metric the equations of motion are derived. In the case of photons, it is used the geodesic equation, yielding
where n j is a unitary vector for the velocity of the photon. For massive bodies, the procedure is the same develop before and the acceleration of a body A can be written as a A = a Ext A + a Self A . The a Ext A contains only the effects produced by the other bodies of the system. Thus, it includes the results found in eqs. (73)-(75) for Palatini gravity. The a Self A part accounts for the self acceleration term since it depends on the internal structure of the body A. Their respective expressions are shown below.
